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[TS] , ,
soliton . soliton (Lotka-Volterra
) $a\cross barrow a+b,$ $a+b arrow\max(a, b)$
[TTM $\mathrm{S}$ ]. , crystal [HHIKTT] [FOY],
[K] [HKTI][HKT2][HKOTY].







crystals Tropical $R$ Soliton
/ , $/\mathrm{c}\mathrm{r}\mathrm{y}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{l}$
, tropical1 crystal[BK] tropical $R[\mathrm{Y}][\mathrm{K}\mathrm{O}\mathrm{T}\mathrm{Y}1]$ ,
. . $R$
tropical $R$ , $‘(\mathrm{Y}\mathrm{a}\mathrm{n}\mathrm{g}$-Baxter ” (Yang-Baxter map)
([ABSJ[V] ),
lTropical $\mathrm{v}\backslash$ , “ ” [Ki].
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2 : $A_{n-1}^{(1)},$ $B^{1,l}$
2.1 Crystal $B^{1,l}$
$A_{n-1}^{(1)}$ -cryctal $B^{1,l}$ ,
$B^{1,l}= \{(x_{1}, x_{2}, \ldots, x_{n})\in \mathbb{Z}_{\geq 0}^{n}|l(x)=\sum_{i=1}^{n}x_{i}=l\}$ , (1)
. $x\in B^{1,l}$ $x=(x_{1}, x_{2}, \ldots, x_{n})\Leftrightarrow(1^{x_{1}}2^{x_{2}}\ldots n^{x_{n}})$ shape
$\lambda=(l)$ ( Young ), $\in\{1,2, \ldots, n\}$ , Bl\sim ( tensor $=$
) Kashiwara $A_{n-1}^{(1)}$ affine crystal
. intertwiner $R$
$R$ : $B^{1,l_{1}}\otimes B^{1,l_{2}}arrow B^{1,l_{2}}\otimes B^{1,l_{1}}$ ,
(2)




$\min(x_{i}, y_{i+1})=\min(x_{i}’, y_{i+1}’)$ ,
$\ell(.x’)=\ell(y),$ $p(y’)=p(x)$ , [HHIKTT]
$x_{i}’=y_{i}+P_{i}-P_{i-1}$ , $y_{i}’=x_{i}$ $P_{i-1}-P_{i}$ ,
$P_{i}= \max_{1\leq k\leq n}\{\sum_{j=k}^{n}x_{i+j}+\sum_{j=1}^{k}y_{i+j}\}$ . (4)
. , $l_{1},$ $l_{2}$ . ’(x) $=l$
$B^{1}=\mathbb{Z}_{\geq 0}^{n}$ $R$ $B^{1}\otimes B^{1}arrow B^{1}\otimes B^{1}$ . ( )crystal
.
2.2 { crystal $B^{1}$
$B^{1}$ tropical
$B^{1}=\{(x_{1}, x_{2}, \ldots, x_{n})\in$ $\}$ , $\ell(x)=\prod_{i=1}^{n}x_{i}$ . (5)
, tropical $R$
$R$ : $\mathcal{B}^{1}\otimes \mathcal{B}^{1}arrow \mathcal{B}^{1}\otimes B^{1}$ ,
(6)
$(x, y)-:(x’, y’)$ ,
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, $l(x’)=\ell(y),$ $l(y’)=p(x)$ tropical ( $=$ )
,
$x_{i}’=y_{i} \frac{P_{i}}{P_{i-1}}$ , $y_{i}’=x_{i} \frac{P_{i-1}}{P_{i}}$ ,
(8)
$\ovalbox{\tt\small REJECT}$ $= \sum_{k=1j}^{n}\prod_{=k}^{n}x_{i+j}\prod_{j=1}^{k}y_{i+j}$ ,
[HHIKTT][Y]. tableau $\mathfrak{S}_{n}\mathit{0}$) Kirillov
([Ki] \S 4.3).
Tropical $R$ : $\mathcal{B}^{1}\otimes B^{1}arrow B^{1}\otimes B^{1}$ .
$\bullet R^{2}=1$
$R_{12}R_{23}R_{12}=R_{23}R_{12}R_{23}$ on $B^{1}\otimes B^{1}\otimes B^{1}$
$\bullet$ $\mathrm{p}_{\mathrm{I}}\cdot R=R\mathrm{p}\mathrm{r}$ , $\mathrm{p}\mathrm{r}(x_{i})=x_{i-1},$ $\mathrm{p}\mathrm{r}(y_{i})=y_{i-1}$ promotion
$\bullet$ $e_{i}^{\mathrm{c}}R=Re_{i?}^{c}$ $e_{i}^{c}$ crystal
, $R$ affine crystal , $B^{1}$
. .
2.3 $B^{1}$
$B^{1}$ $x=(x_{1}, \ldots, x_{n})$ , $M_{1}(x, z)$ .






$M_{1}(x, z)$ , (1) tensor , (2) promotion $\mathrm{P}^{\mathrm{I}}.,$ (3) crystal $e_{2}^{c}$ ,
(4) tropical $R$ .
60
(1) Tensor $\mapsto$ :
$x\otimes y\mapsto l\mathfrak{l}^{j}I_{1}(x, z)\mathrm{i}VI_{1}(y, z)$ . (10)
(2) $\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mapsto$ :
$M_{1}(\mathrm{p}\mathrm{r}(x), z)=CM_{1}(x, z)C^{-1}$ , $C=\ovalbox{\tt\small REJECT}$
1 ...
1
$z\ovalbox{\tt\small REJECT}$ . (11)
(3) $e_{i}^{c}$ $\mapsto$ $G_{i}$ :
$x^{(1)}\otimes\cdots\otimes x^{(L)}$ $\Leftrightarrow$ $M=M_{1}(x^{(1)}, z)\cdots M_{1}(x^{(L)}, z)$
$\downarrow$ $\downarrow$ (12)
$e_{i}^{c}(x^{(1)}\otimes\cdots\otimes x^{(L)})$ $\mapsto$ $G_{i}(u)MG_{i}(v)$
$1\leq \mathrm{i}\leq n-1$ ( $z=0$) , [BK] $A_{n-1}$ crystal
$u=(c-1) \ovalbox{\tt\small REJECT}\frac{l\mathrm{t}/I_{ii}}{\Lambda I_{i+1i}}]_{z=0}$ , $v=(c^{-1}-1) \ovalbox{\tt\small REJECT}\frac{M_{i+1i+1}}{M_{i+1i}}]_{z=0}$ , $G_{i}(a)=1+aE_{i,i+1}$ , (13)
. $\mathrm{i}=0$ , affine
$u=(c-1) \ovalbox{\tt\small REJECT}\frac{zi\vee I_{nn}}{\mathrm{J}I_{1n}},\ovalbox{\tt\small REJECT}_{z=0}$ , $v=(c^{-1}-1) \ovalbox{\tt\small REJECT}\frac{z\mathit{1}\vee I_{11}}{M_{1n}}]_{z=0}$ , $G_{0}(a)=1+ \frac{a}{z}E_{n,1}$ , (14)
. (12) , ( $u=-v$ $c$
) Weyl .
(4) Tropical $R\mapsto$ :
$M_{1}(x, z)l\mathrm{t}/I_{1}(y, z)=M_{1}(x’, z)M_{1}(y’, z)$ . (15)
24 $\tau$ functions
Soliton , $\tau$ . Tropical $R$ $\tau$ $\tau_{i}^{a}$ ,
, 2
$x_{i}= \frac{\tau_{i}^{2}}{\tau_{i}^{3}}\frac{\tau_{i-1}^{3}}{\tau_{i-1}^{2}}$ , $y_{i}= \frac{\tau_{i}^{1}}{\tau_{i}^{2}}\frac{\tau_{i-1}^{2}}{\tau_{i-1}^{1}}$ , $(x’, y’)=(x, y)|_{\tau^{2}arrow\tau^{4}}$ . (16)
$R$ , .
2 , $x_{1}\cdots x_{n}=1$ . (a) $x_{i}=\alpha_{i}\tau\tau/(\tau\tau)$ ,








$\tau$ , tropical $R$ (7) , weight $x_{i}y_{i}=$
$x_{i}’y_{i}’$ .
$\frac{1}{x_{i}}+\frac{1}{y_{i+1}}=\frac{1}{x_{i}’}+\frac{1}{y_{i+1}’}\Leftrightarrow\tau_{i}^{4}\tau_{i-1}^{2}-\tau_{i}^{2}\tau_{i-1}^{4}=\tau_{i}^{1}\tau_{i-1}^{3}$, (17)
, Hirota-Miwa [H] [M] .
3 $A_{n-1}^{(1)}$ $B^{k}$
$A_{n-1}^{(1)}$ crystal $B^{1}$ . $D_{n}^{(1)}$ ( $A_{2n-1}^{(2)},$ $C_{n}^{(1)}$ )
crystal $B^{1}$ [KOTYI] [KOTY2]. $D_{n}^{(1)}$ $B3$ crystal
$M$ $2n$ , spectral parameter $z$ x 2 . [KOTYI]
$M$ tropicat $R$ , [KOTY2] $\tau$ , DKP
. .
$R[\mathrm{H}\mathrm{K}\mathrm{O}\mathrm{T}]$ tropical $R$ .
, $A_{n-1}^{(1)}$ $\mathcal{B}^{k}$ .
3.1 $A_{n-1}^{(1)}$ crystal $\mathcal{B}^{k}$
$1\leq k\leq n-1$ , $A_{n-1}^{(1)}$ crystal $B^{k}$ . $x\in B^{k}$ $k(n-k+1)$
$x=(x_{ij})$ , $(1\leq \mathrm{i}\leq k, i\leq j\leq n-k+i)$ (18)
. ,
$\prod_{j=i}^{n-k+i}x_{ij}=\ell(x)$ , $(1\leq i\leq k)$ (19)
, $l(x)$ $x\mathit{0}$) level . crystal ( $e_{i}^{\mathrm{c}}$ ) ,
$B^{1}$ .
$\mathrm{B}\mathit{2}$
$B^{k}$ shape \lambda =(l tab\sim eau( ) tropical , $x_{ij}$ tableau i-
$j$ . , $k=2,$ $n=5$ , tableau
$1^{x_{11}}$ $2^{x_{12}}$ $3^{x_{13}}$ $4^{x_{14}}$
(20)
$2^{x_{2^{\iota}}7}\sim$ $3^{x_{23}}$ $4^{x_{24}}$ $5^{x_{25}}$
, $x_{ij}$ $B^{k}$ $x_{ij}$ .
3.2 $M_{k}(x, z)$
$\mathcal{B}^{1}$ , $M_{k}(x, z)$ .
.
$\bullet$ $M_{k}(x, z)$ $x=(x_{ij})$ $z$ $n\mathrm{x}n$ .
$\bullet$ $M_{k}(x, z)=A(x)+B(x)z$ , $A(x)$ $A_{n-1}$ crystal $B^{k}$
, $B(x)$ .
$\mathrm{p}\mathrm{r}$ : $B^{k}arrow B^{k}$ $M_{k}(\mathrm{p}\mathrm{r}(x))z)=CM_{k}(x, z)C^{-1}$
( $C$ (11) ).
$\mathrm{p}\mathrm{r},$
$l\mathrm{t}/I_{k}(x, z)$ . 3
$M_{k}(x, z)=A(x)+zB(x)$ . , $A(x)$
( $\mathrm{i}$ , ( $i\geq$
$A(x)_{ij}= \sum_{p}\prod_{(a,b)\in p}x_{ab}$
, (21)
$[\mathrm{B}\mathrm{K}][\mathrm{N}\mathrm{Y}]$ . , ( $k=3,$ $n=6$ ) , $(1, i)$ $(k,\dot{J})$
, $p$ .












1 1 $x_{33}$ $\vdash$ $x_{34}$ $\vdash$ $x_{35}$ $\vdash$ $x_{36}$
, $B(x)$ $(\mathrm{i},\dot{J})$ $(\mathrm{i}<j)$
$B(x)_{ij}=p(x)^{1-k} \sum_{P}\prod_{(a,b)\in P}x_{ab}$
, (23)
. , $(1, \alpha)$ , $\alpha\in[1, \mathrm{i}]\cup[j-k+1, n]$ , $(k, \beta)$ ,
$\beta\in[1, i+k-1]\cup[j, n]$ , $n+k+\mathrm{i}-j$ $P$ .
3
$\mathrm{p}\mathrm{r}$ Sch\"utzenbel.ger $\text{ }$ promotion operator tropical . , $B^{h,l}$
affine crystal $\overline{e}_{0}=\mathrm{p}\mathrm{r}^{-1}\circ\overline{e}_{1}\circ \mathrm{p}\mathrm{r},\tilde{f}_{0}=\mathrm{p}\mathrm{r}^{-1}\circ\overline{f}_{1}\circ \mathrm{p}\mathrm{r}$ [S].
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3.3 : $k=2,$ $n=5$





$\mathrm{p}\mathrm{r}(x_{24})=\frac{x_{23}(x_{13}+x_{24})}{x_{24}}$ , $\mathrm{p}\mathrm{r}(x_{25})=x_{14}x_{24}$ .
jeu-de-taquin .





$2^{x_{22}}$ $arrow$ $3^{x_{23}}$ $arrow$ $4^{x_{24}}$ $arrow$
$\square$ $(arrow 5^{x?5}.\lrcorner)$
(2) $A(x)$ :













$\mathit{1}\mathfrak{l}I_{k}(x, z)$ tropical $R$ tropical promotion $\mathrm{p}\mathrm{r}$ .
$x_{ij}$ $M_{k}(x, z)$ . , $B(x)$
$b_{ij}(j>i+k)$ , $A(x)^{-1}$ ,
$b_{ij}=p(x)(-1)^{(k-1)(i+j)}\det[i+k,j-1],[i+1,j-k](A(x)^{-1}))$ (30)
,
$A(x)^{-1}M_{k}(x, z)=\ovalbox{\tt\small REJECT} E_{k}0$ $(1+(-1)^{k} \frac{z}{l(x)})E_{n-k}*\ovalbox{\tt\small REJECT}$ , (31)
. , $z_{0}=(-1)^{k-1}/p(x)$ $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\mathrm{J}/I_{k}(x, z_{0})=k$ . ,
$I=\{\mathrm{i}_{1}<\cdots<\mathrm{i}_{k}\},$ $J=\{j_{1}<\cdots<j_{k}\}$ $X=l\triangleright I_{k}(x, z_{0})$ $k$
,
$\det_{IJ}(X)$ $=$ ( $J$ independent) (I independent) (32)





$p(x) \frac{\tau_{i-1,j-1}}{\tau_{i,j-1}}$ , $(j=\mathrm{i}+n-k)$
$\tau_{ij}=\tau_{ij}(X)=\det_{*,J_{ij}}(X)$ , $J_{ij}=[1, \mathrm{i}]\cup[j+1, k-\mathrm{i}+j]$ .
, (33) , $*$ .
$*=[n-k+1, n]$ , $B_{ij}=0(\mathrm{i}>n-k)$ , $\det_{*,J_{ij}}(M(x, z))=$










( $\mathrm{i}<j<\mathrm{i}$ $n-k$ )
(35)
$(j=\mathrm{i}+n-k)$
$\sigma_{ij}=\sigma_{ij}(X)=\det_{I_{i_{J}},*}(X)$ , $I_{ij}=[_{J}--\mathrm{i}+1, j]\mathrm{U}[n-k+i[perp]_{\mathrm{I}}1, n]$ .
$*$ ( $\sigma$ ) . ,
, $\tau_{I}(X)/\tau_{J}(X)$ (resp. $\sigma_{I}(X)/\sigma_{J}(X)$ ) (resp. ) $X\vdash+gX$
(resp. $X\vdash\Rightarrow Xg$ ) $\backslash \grave{/}\grave{\not\subset}\vec{\prime\Xi_{\backslash }\cup\backslash }$ . ($\tau_{I},$ $\sigma_{I}$ i ). JI.4- RR-F. ,
tropical $R$ , tropical $\mathrm{p}\mathrm{r}$ .
3.5 $R$ $\mathrm{p}\mathrm{r}$
Tropical $R$ : $(x, y)\mathrm{t}arrow(x’, y’)$
$M_{k_{1}}(x, z)M_{k_{2}}(y, z)=Z=M_{k_{2}}(x’, z)M_{k_{1}}(y’, z)$ , (36)









, tropical $\mathrm{p}\mathrm{r}$ 1 ,
$M_{k}(\mathrm{p}\mathrm{r}(x), z)=CZC^{-1}$ , $Z=IVI_{k^{n}}(x, z)$ , $(3\mathrm{S})$








4.1 Tropical vertex models
Tropical $R$ ” ” tropical vertex model
. ,





” algorithm” , ( )
[KOTY2].
Tropical vertex model ,






$T_{L}$ , . ( )
$q$-Painleve ( $4\mathrm{b}$ ) , $B^{k_{1}}\otimes\cdots\otimes B^{k_{L}}$ affine Weyl $W(A_{n-1}^{(1)})$
, B\"acklund . soliton
, , $q- P_{\mathrm{I}\mathrm{V}}(A_{2}^{(1)}, B^{1}\otimes B^{1})$ [KNY]. $q$-Painleve’
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-xi-yi $=x_{i}y_{i}$ . Affine Weyl $W(A_{2}^{(1)})=\backslash ^{s_{0},s_{1},s_{2},\pi\rangle}/$
$\pi(x_{i})=x_{i+1}$ , $\pi(y_{i})=y_{i+1}$ ,
$s_{i}(x_{i})=x_{i+1} \frac{x_{i}+y_{i+1}}{x_{i+1}+y_{i}}$ , $s_{i}(x_{i+1})=x_{i} \frac{x_{i+1}+y_{i}}{x_{i}+y_{i+1}}$ , $s_{i}(x_{i-1})=x_{i-1}$ , (42)
$s_{i}(y_{i})=y_{i+1} \frac{x_{i+1}+y_{i}}{x_{i}+y_{i+1}}$ , $s_{\dot{\mathrm{z}}}(y_{i+1})=y_{i^{\frac{x_{i}+y_{\mathrm{i}+1}}{x_{i+1}+y_{i}’}}}$ $s_{i}(y_{i-1})=y_{i-1}$ ,
. $x_{i}$ , $\mathrm{i}$ $x_{i+3}=x_{i}/q,$ $y_{i+3}=y_{i}/q$ .













$qz\overline{y}_{3}\ovalbox{\tt\small REJECT}$ , (43)
. , $q- P_{\mathrm{I}\mathrm{V}}$ $B^{1}\otimes B^{1}$ tropical $R$ . ,
Weyl (42) , \S 2.3 (3) .
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